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We establish an inequality involving the quantum coherence of an arbitrary quantum state, possibly nonpure,
in arbitrary dimension and a noncommutativity estimator of an arbitrary observable. The noncommutativity
estimator uses the commutator of the observable and its incoherent or classical part. The relation provides a
direct method of obtaining an estimate of the quantum coherence of an arbitrary quantum state, without resorting
to quantum state tomography or the existing witness operators.
I. INTRODUCTION
The concept of quantum coherence and the uncertainty re-
lations form two fundamental pillars of quantum mechanics.
They give rise to phenomena and applications in quantum sys-
tems that are significantly different from those in classical
ones, and distinguish the two worlds in a quantitative man-
ner. The linearity in the quantum description of physical states
leads to the possibility of superposition of states of a quan-
tum system, and this leads to the existence of quantum coher-
ence. While the concept of quantum coherence was known
since the early days of quantum theory, it is only recently
that it has been provided with a careful quantification and a
resource-theoretic analysis [1]. It has since been widely use-
ful in quantum technologies like quantum-enhanced metrol-
ogy [2], quantum algorithms [3, 4], and quantum state dis-
crimination [5]. Quantum coherence have been also found
useful in the diverse fields of thermodynamics [6], and has
been argued to be functional in certain branches of biology
[7] as well.
Noncommutativity between two or more observables, ulti-
mately also related to the superposition principle, is another
fundamental feature of quantum mechanics. Quantum un-
certainty relations [8] quantify the noncommuting nature of
quantum observables, and are useful for a wide range of appli-
cations that span from the foundations of physics all the way
to technological applications. In particular, the uncertainty re-
lations have been utilized for entanglement detection [9] and
for security analysis in quantum key distribution [10].
Quantum coherence can be quantified through a variety of
approaches. A typical measure begins with the identification
of a preferred orthogonal basis (“pointer states”), the proba-
bilistic mixtures of states of which are deemed as “incoherent”
states. (See [4, 11] however.) The failure to fall in that class of
incoherent states is quantified in several ways, one of which is
to “accumulate” the off-diagonal terms of the quantumdensity
matrix expressed in the preferred basis. When the l1-norm is
used to perform the accumulation, the corresponding measure
is referred to as the l1-norm of quantum coherence [1]. This is
the measure that we will use to quantify the notion of quantum
coherence.
The quantum uncertainty relations tell us that the noncom-
patibility between two observables of a quantum system can
be quantified by the average value of their commutator. We
will estimate the noncompatibility between an arbitrary ob-
servable and its “incoherent part” by using the average value
of their commutator. The incoherent part of the observable
is created by stripping out the off-diagonal parts of the ob-
servable when expressed in the basis that was chosen to be
preferred when estimating quantum coherence.
In this paper, we establish a relation between the quan-
tum coherence of an arbitrary quantum state, pure or mixed,
in quantum system of arbitrary dimension and the noncom-
patibility estimate of an arbitrary observable of that system.
Along with being potentially of fundamental use, it also pro-
vides a ready estimate – precisely, lower bound – on the quan-
tum coherence of an arbitrary quantum state, without recourse
to quantum state tomography. Indeed, every choice of an ob-
servable provides a potentially independent lower bound. As
a by-product, it provides a direct method of creating witnesses
for quantum coherence, unrelated to the existing witness op-
erators.
The remaining part of the paper is arranged as follows. In
section II, we provide formal definitions of the physical quan-
tities that we use, and a proof of the relation for arbitrary pure
states in any dimension. A short separate proof is provided for
the qubit case. Section III provides a proof of the relation for
the general case of arbitrary quantum states, pure or mixed, in
arbitrary dimension. A conclusion is presented in section IV.
II. UNCERTAINTY COMMUTATOR & QUANTUM
COHERENCE
Quantum coherence.– Quantum coherence is naturally a
basis-dependent concept, which is why we first need to fix the
preferred, or reference, basis. Given a d-dimensional Hilbert
space Cd (d is assumed finite), we will assume that the phys-
ical set-up of the corresponding quantum system dictates that
its reference orthonormal basis to be {|j〉}, j = 1, 2, . . . , d.
The density matrices that are diagonal in this specific basis
are considered to represent the incoherent states of the sys-
tem. Hence, all incoherent density operators ρI ∈ I, where I
denotes the set of all incoherent states for the reference basis
considered, are of the form
ρI =
d∑
j=1
pi |j〉 〈j| , (1)
with {pi} forming a probability distribution. Any state de-
scribed by a density matrix outside I is a coherent state. The
off-diagonal elements in the density matrix, when expressed
in the reference basis give rise to the quantum coherence in
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able function of the same. In this paper, we use the intuitive
“l1 norm of quantum coherence” to quantify the quantum co-
herence content in a quantum state. (See [1] in this respect.)
More precisely, we define the quantum coherence of an arbi-
trary d-dimensional pure state as the sum of the moduli of the
off-diagonal terms when the state is expressed in the reference
basis. Therefore, for the d-dimensional pure state
|ψ〉 =
∑
j
cj |j〉 , (2)
expressed as a superposition of the elements of the reference
basis, the quantum coherence of |ψ〉 is given by
C(|ψ〉) =
∑
k 6=j
|c∗j ck|. (3)
Here, cj are arbitrary complex numbers, with
∑
j |cj |
2 = 1.
For an arbitrary density matrix on Cd, its quantum coherence
is defined via the convex roof approach, similar to what is
done, e.g., for defining the entanglement of formation [12].
More precisely, for a density matrix ρ, defined on Cd, we de-
fine its quantum coherence, with respect to the reference basis,
as
C(ρ) = inf
∑
piC(|ψi〉), (4)
where the infimum is over all decompositions of ρ into∑
i pi|ψi〉〈ψi|.
Uncertainty commutator.– The “Heisenberg-Robertson”
quantum uncertainty relation, bounds the product of the vari-
ances of two observables, A and B, on the Hilbert space Cd,
through the expectation value of their commutator [8]:
∆A2∆B2 >
1
2
|〈[A,B]〉|
2
, (5)
where the variances and expectation are calculated for an ar-
bitrary density matrix on Cd. The average value of the com-
mutator between two observables, therefore, provides an esti-
mate of the incompatibility of the two observables. We will
here consider the same estimate of incompatibility between an
observable and its “incoherent part” (defined below) to bound
the quantum coherence of the relevant state.
Let us consider an observable A on the Hilbert space Cd,
so that A is a hermitian operator on Cd, and a state of the
system under consideration, represented by the density matrix
ρ. Then the uncertainty in measuringA can be represented by
△2 Aρ = tr(A
2ρ)− (tr(Aρ))2. (6)
Consider now the diagonal part of the state ρ, and refer to it
as ρD, so that
ρD =
∑
j
〈j| ρ |j〉 |j〉 〈j| . (7)
This matrix is just the density matrix ρ, with only the diagonal
terms, when written in the reference basis {|j〉}, i.e., it is the
incoherent part of ρ, with respect to the reference basis. We
can similarly write down the diagonal or the incoherent part
ofA, and refer to it as AD, with respect to the reference basis.
We note that the observables A and AD satisfy
△2 AρD = △
2ADρ , (8)
where the incoherent part, AD , of A, is given by
AD =
∑
j
〈j|A |j〉 |j〉 〈j| . (9)
The observable A can then be expressed in the computational
basis as
A =
∑
k,j
|k〉 〈k|A |j〉 〈j| = AD +
∑
k 6=j
Akj |k〉 〈j| . (10)
Consider now the commutator between the observable A
and its incoherent part, and let us compute its expectation in
the state |ψ〉. This expectation value is given by
1
2
〈ψ| [A,AD] |ψ〉
=
1
2
〈ψ| (A
∑
j
|j〉 〈j|A |j〉 〈j| −
∑
j
|j〉 〈j|A |j〉 〈j|A) |ψ〉
=
1
2
∑
j
(〈ψ|A |j〉 〈j|A |i〉 〈j| |ψ〉 − 〈ψ| |j〉 〈j|A |j〉 〈j|A |ψ〉)
= i Im(
∑
j
〈ψ|A |j〉 〈j|A |j〉 〈j| |ψ〉)
= iIm(
∑
k,j
〈ψ| |j〉 〈j|A |k〉 〈k|A |k〉 〈k| |ψ〉)
= iIm(
∑
k,j
c∗jckAjkAkk).
(11)
The factor of 1/2 is taken in hindsight, as will become clear
later.
A. Case of a pure qubit
Consider now the case when the state in question is a qubit
in a pure state, so that
|ψ〉 = cos
θ
2
|0〉+ exp (iφ) sin
θ
2
|1〉 , (12)
with θ ∈ [0, pi] and φ ∈ [0, 2pi). The operator A is now a
hermitian operator on the qubit Hilbert space, so that it can be
expressed as
A = −→σ · n̂ =
[
nz nx + iny
nx − iny −nz
]
, (13)
where n̂ = (nx, ny, nz) is a real three-dimensional unit vector
and −→σ = (σx, σy , σz) is the vector of quantum spin-1/2 Pauli
3matrices. Let us choose the basis {|0〉 , |1〉} ≡ {|↑z〉 , |↓z〉},
i.e., we choose the eigenbasis of the Pauli σz as the reference
basis. Eq. (11) can now be written as
1
2
〈ψ| [A,AD] |ψ〉
= iIm
∑
i,j
c∗jciAjiAii
= iIm
[
c∗0c0A00A00 + c
∗
0c1A01A11 + c
∗
1c0A10A00
+ c∗1c1A11A11
]
= iIm
[
|c0|
2n2z + |c1|
2n2z − c
∗
0c1(nx + iny)nz
+ c∗1c0(nx − iny)nz
]
= iIm
[
|c0|
2n2z + |c1|
2n2z + 2iIm{c
∗
1c0(nx − iny)nz}
]
= i2Im [c∗1c0(nx − iny)nz ]
= i2Im
[
cos
θ
2
exp (−iφ) sin
θ
2
(nx − iny)nz
]
= inz sin θIm [(cosφ− i sinφ)(nx − iny)]
= −inz sin θ(nx sinφ+ ny cosφ).
(14)
Now, |ny cosφ + nx sinφ| = |(cosφ, sinφ) · (ny, nx)| 6√
1.(n2x + n
2
y) 6 1, where we have used the Cauchy-
Schwartz inequality. So, for a pure state of a qubit, we have
|
1
2
〈ψ| [A,AD] |ψ〉 | 6 sin θ. (15)
On the other hand, for such a pure qubit, the l1-norm of
quantum coherence in the {|0〉 , |1〉} basis, is equal to sin θ.
So, for a pure qubit we have the following relation:
1
2
| 〈ψ| [A,AD] |ψ〉 | 6 C(|ψ〉). (16)
The quantum coherence of a pure qubit, therefore, is related
to the “noncommutativity” or the “uncertainty commutator”
of an arbitrary observable and its incoherent part, providing
thereby a method of estimating the former physical quantity.
We now inquire whether the relation also remains valid in
higher dimensions.
B. Higher dimensions
Let us consider A to be a traceless hermitian operator on
the d-dimensional complex Hilbert space. The space of her-
mitian operators on Cd can be spanned by a basis of the form
{I, {Hµ}
d2−1
µ=1 }, where Hµ’s are traceless hermitian operators
on Cd, and where I denotes the identity operator on the same
space. We further assume that Hµ’s are orthonormal, i.e.,
tr(Hµ
†
Hν) = δµ,ν . We are therefore considering the inner
product in the space of operators on Cd as tr(A†B) for two ar-
bitrary operators A and B on Cd. We can therefore write the
traceless hermitian operator A as A =
∑d2−1
µ=1 aµHµ where
ai ∈ R.
Let us now consider the traceless hermitian operators with
unit norm only:
d2−1∑
µ=1
a2µ = 1. The norm of the operators is
of course defined via the above-mentioned inner product on
the space of operators. Note that on the qubit space, such
operators are of the form −→σ · n̂, with |n̂| = 1.
Then,
∑
i
〈i|A2 |i〉 =
d∑
i=1
d2−1∑
µ,ν=0
aµaν 〈i|HµHν |i〉
=
d2−1∑
µ,ν
aµaνδµν
=
∑
µ
a2µ
= 1.
(17)
Let us now set |χj〉 and |φi〉 as
|χj〉 = A |j〉 and |φi〉 = |i〉 〈i|A |i〉 . (18)
So, for normalizedA, i.e., for A with unit norm, we have
∑
j
‖ χj ‖
2=
∑
j
〈j|A2 |j〉 = 1, (19)
and from
∑
i
△A2i =
∑
i
〈i|A2 |i〉 −
∑
i
〈i|A |i〉
2
= 1−
∑
i
〈i|A |i〉2
> 0,
(20)
we get
∑
i
‖ φi ‖
2=
∑
i
〈i|A |i〉
2
6 1. (21)
So,
∑
i,j
|AjiAii| =
∑
i,j
| 〈χj |φi〉 |
6
∑
i,j
‖ χj ‖‖ φi ‖
6 1.
(22)
Now, let us estimate the modulus of the expression derived in
4inequality (11):
|Im
[∑
k,j
c∗jckAjkAkk
]
|
= |Im
[∑
k 6=j
c∗jckAjkAkk +
∑
k
|ck|
2A2kk
]
|
6 |Im(
∑
k 6=j
c∗jckAjkAkk)|
6 |
∑
k 6=j
c∗jckAjkAk)|
6
∑
k 6=j
|c∗jck||AjkAkk|
6
∑
k 6=j
|c∗jck| = C(|ψ〉),
(23)
where C(|ψ〉) measures the quantum coherence, in the refer-
ence basis, of the d-dimensional quantum state |ψ〉, as men-
tioned in equation (3).
Therefore, for an arbitrary d-dimensional pure state |ψ〉 and
an arbitrary traceless observable of unit norm on the same sys-
tem, we have the relation
1
2
| 〈ψ| [A,AD] |ψ〉 | 6 C(|ψ〉), (24)
the qubit version of which was already derived in (16).
III. THE RELATION FOR ARBITRARY MIXED STATES
In the preceding section, we have derived a relation of the
noncommutativity of an observable and its incoherent part
with quantum coherence, for an arbitrary d-dimensional pure
state. The physical quantities on the two sides of the relation
are however well-defined for nonpure states also, and we try
to see whether the relation remains valid for them as well.
Consider an arbitrary quantum state ρ, possibly nonpure, on
the d-dimensional Hilbert space Cd. Consider now the quan-
tum coherence of this state in the reference basis, as quantified
by the convex roof-based l1-norm of quantum coherence, as
defined in Eq. (4). Suppose now that the quantum coherence
C(ρ) of ρ is attained as a limit over a sequence of decomposi-
tions ∑
i
p
(n)
i |ψ
(n)
i 〉〈ψ
(n)
i | (25)
of ρ, with n being the running index of the sequence, so that
C(ρ) = lim
n→∞
∑
i
p
(n)
i C(|ψ
(n)
i 〉). (26)
For any member of the above sequence of decompositions, we
have
|〈[A,AD]〉ρ| ≡ |tr([A,A
D]ρ)|
= |
∑
i
pi〈ψ
(n)
i |[A,A
D]|ψ
(n)
i 〉|
6
∑
i
pi|〈ψ
(n)
i |[A,A
D]|ψ
(n)
i 〉|, (27)
wherein we invoke the relation for pure states as in inequality
(24) to get
|
1
2
〈[A,AD]〉ρ| 6
∑
i
p
(n)
i C(|ψ
(n)
i 〉). (28)
Considering the limit as n→∞, we get the desired relation
1
2
|〈[A,AD]〉ρ| 6 C(ρ), (29)
for an arbitrary quantum state ρ, possibly nonpure, on a d-
dimensional Hilbert space, and for an arbitrary observable A
on the same space.
We wish to look at the relation from two perspectives. On
the fundamental side, this relation gives us a potential bridge
between the concept of noncommutativity within the realm of
quantum uncertainty relations and the concept of quantum co-
herence. On the other hand, the relation provides us with a
method to estimate lower bounds of quantum coherence with-
out existing witnesses [13] or quantum state tomography [14].
Precisely, we have to measure the commutator of any observ-
able and its incoherent part. The measurement has to be in the
quantum state whose quantum coherence we wish to estimate.
And the incoherent part of the observable has to be considered
with respect to the reference basis of our quantum coherence
measure. One-half of the modulus of this value provides a
lower bound of the quantum coherence of our state in the ref-
erence basis.
We intend in future to study how close the quantity
1
2 |〈[A,A
D]〉| can be to the quantum coherence of the corre-
sponding state, for an arbitrary choice of A. We will also
attempt to derive similar relations for other measures of
quantum coherence of quantum states and noncommutativity
estimates of quantum observables.
Witness of quantum coherence. Although the derived re-
lation provides a quantitative estimate of quantum coherence
of an arbitrary quantum state, it of course provides a witness
for the same. Given a quantum system in a state ρ, we can
prove that it has a nonzero quantum coherence in a given ref-
erence basis, i.e., witness its quantum coherence, by somehow
showing that the commutator [A,AD] has a nonzero value in
the state ρ. Note that since A and AD are both hermitian,
i[A,AD] is also hermitian, and |〈i[A,AD]〉| = |〈[A,AD]〉|.
IV. CONCLUSION
The concepts of noncommutativity and the superposition
principle are two basic features that lie at the heart of a large
section of modern science. In this paper, we have established a
relation between the quantum coherence of an arbitrary quan-
tum state, possibly nonpure, of a quantum system in arbitrary
dimension with a noncommutativity estimate of an arbitrary
observable for that system. The relation can clearly be used
to provide an assessment of the value of quantum coherence
of arbitrary quantum states, and can serve as witnesses for the
same. This can have potentially useful applications, because
5neither for providing the quantitative estimate nor for the qual-
itative witnessing do we require the usual methods of quantum
state tomography or resort to the existing witness operators.
We believe that the relation can be easily tested and put to use
with existing experimental quantum information set-ups.
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